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Based on a variational method adopting the dynamic pressure in the fluid and
the acceleration in the solid as arguments in the functional, several substructure—
subdomain methods are developed to describe the dynamical behaviour of fluid—
structure systems excited externally. Formulations are presented of a displacement
consistency model and a hybrid displacement model for the solid structure, a pres-
sure equilibrium model for the fluid and a mixed substructure-subdomain model for
the fluid-structure interacting system.

These substructure—subdomain methods make the mixed finite-element approaches
developed to analyse fluid—solid interactions more effective and efficient especially in
calculating solutions to large complex engineering problems. This is achieved through
the suitable selection of mode vectors to reduce the number of degrees of freedom
accepted in the finite-element method to a manageable size without reducing signifi-
cantly the accuracy of solution; by synthesis of the equations modelling the dynamic
interactions and by developing techniques to eliminate mathematical difficulties oc-
curring in the matrix formulations. By these means, consistent and unifying theoret-
ical models are developed to describe the dynamical behaviour of the solid, fluid and
their interactions which a: ¢ in forms adaptable for solution on a personal computer.
This is demonstrated by analysing a wide selection of fluid—structure (e.g. dam—water
system excited by earthquake or explosion) and air-structure (e.g. structural-borne
noise in a fuselage) interacting systems using purposely written computer software.

1. Introduction

In a previous paper (Xing & Price 1991), we developed a mixed finite-element ap-
proach to describe the linear dynamics of coupled fluid—structure interactions. This
approach is based on a variational principle in which the variables of acceleration in
the elastic solid and pressure in the fluid are adopted as the arguments in the func-
tional. The method was successfully demonstrated by analysing a wide selection of
fluid—structure interaction problems of practical interest. However, experience shows
that for very large complicated fluid—structure interaction problems possibly involv-
ing many tens of thousands degrees of freedom, computational difficulties arise (e.g.
storage, time, etc.). These problems can be overcome by a frontal attack using a large
and/or more sophisticated computer or more suitably, and certainly more satisfy-
ing, by developing new methods and techniques to make the solution process more
effective and computationally more efficient.

Such reasoning is not new for, in the past, substructure methods or component
mode synthesis methods were developed to derive solutions describing the dynamical
behaviour of large engineering structures. The potential of the method, originally de-
veloped by Hunn (1955), was realized by Hurty (1960) and over the years it has been
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Figure 1. A fluid—solid interaction system excited by an explosion wave p in water.

further developed and refined to tackle large dynamics problems (see, for example,
Hurty 1965; Hou 1969; Craig & Bampton 1968; Rubin 1975; Craig & Chang 1977;
MacNeal 1977; Wang 1979). Based on the variational principles of elastodynamics,
Xing (1981) and Xing & Zheng (1983) applied the substructure method to the dy-
namic analysis of dry structures. From suitably formulated substructure models they
studied the convergence of the methods and derived a rule on which mode reduc-
tion could be undertaken in a reasoned and logical way. Applications and extensions
of the substructure approach have been made by Unruch (1979) and Xing (1984,
19864, b) to study fluid-structure interaction problems. This paper continues such
studies with the development of an unified substructure-subdomain method incorpo-
rating the mixed finite-element approach discussed previously (see, for example, Xing
& Price 1991). To explain the main features of the proposed approach, let us consider
the fluid-structure system shown in figure 1. Here the elastic structure (i.e. a dam)
of domain ) and surface S (= Sr U S, U X) is in contact at the interface X with
fluid occupying the domain (2 and is enclosed by the surface I" (= I', UIFUT,UX).
A wave exists on the surface Iy and p denotes a prescribed boundary pressure caused
by an explosion (say). The quantities 7; and v; denote unit vectors along the outer
normals to I' and S respectively, T; represents a prescribed traction on Sr and
fi represents a body force vector. The development of the substructure-subdomain
method to derive solutions to this fluid—structure interaction problem, relies on the
following three steps:

(i) The whole fluid-structure system under examination is divided into several
smaller subsystems. For example, figure 2 illustrates a simple four-subsystem ide-
alization to model the elastic dam—fluid configuration shown in figure 1. The dam
is divided into two substructures Sub, and Sub,. Sub; represents a dry solid sub-
structure with no contact with the fluid while Sub, represents a solid substructure
adjacent to the fluid. Similarly, the fluid is divided into two subdomains Subs and
Suby. Subs represents a fluid subdomain in contact with the solid whereas Suby rep-
resents a fluid subdomain with no boundary common to the solid. A line (— e —)
indicates an interface between substructures and/or subdomains. Naturally, the num-
ber of subsystems can be greatly increased but this increases the detailed definition
of the problem rather than modifying the basic modelling procedures.

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 2. The dynamical system in figure 1 divided into four substructure-subdomains. Sub; and
Subs are the substructures of the solid. Subs and Sub4 are the subdomains of the fluid. The lines
—e— represent the interfaces between substructures, subdomains and substructure-subdomains.

(ii) Finite-element analysis of substructure-subdomain. A finite-element analysis
is applied to each substructure or subdomain to derive data describing their dynamic
characteristics. These data form the basis for the construction of the solution to the
fluid—structure interaction problem.

(iii) Synthesis of substructure-subdomain. By developing suitable theoretical ap-
proaches and techniques, the data contributing significantly to the dynamics of the
system can be deduced and, in a systematic way, synthesized to obtain an approxi-
mate solution describing the dynamics of the whole system.

The substructure-subdomain method is a development combining the Rayleigh—
Ritz method and a finite-element analysis. It takes advantages of the positive aspects
of both methods but avoids their shortcomings. It divides a large vibrational problem
into smaller problems of a size more easily handled, and a solution to the larger
problem is obtained by suitably combining the solutions of the smaller problems. In
many ways, this reflects the same thinking as described by Bishop & Johnson (1979)
in developing and describing the application of receptance theory to solve vibrational
problems.

Based on variational formulations this paper describes the development of a sub-
structure-subdomain method to analyse the dynamical behaviour of large complex
fluid-structure interaction problems. Solid, fluid and mixed models describing the
substructures and subdomains are presented as well as descriptions of mode reduc-
tion techniques and the synthesis of substructure and/or subdomain equations. To
illustrate the flexibility and applicability of the proposed approach a wide ranging
selection of dynamic problems are described and discussed involving fluid—structure
(e.g. dam-water system excited by earthquake or explosion) and air-structure (e.g.
structural-borne noise) interactions.

2. Governing equations and variational formulation

In order to assess the dynamical behaviour of the typical fluid—structure inter-
action system shown in figure 1, we need to model mathematically the dynamic

Phil. Trans. R. Soc. Lond. A (1996)
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Substructure-subdomain method of coupled fluid—solid interactions 263

characteristics of the flexible structure within the solid domain (2, the fluid with
free surface in fluid domain (% and the interacting mechanism at the fluid—structure
interface . The linear equations describing the fluid—structure interaction can be
expressed in standard tensor notation as follows.

(a) Solid domain
(i) Dynamic equation

05+ fi = PsW;, (.’Ifl‘,t) S \Qs X (tl,tz). (21)

(ii) Strain-displacement

€5 = %(Uiyj + ’U,j:i), (l’z,t) € () x (tl,tg)‘ (22)

(iii) Constitutive equation

Oij = Qijkl€ki, (wi,t) € 02 x (t1,t2), (2.3)
and, assuming linearity, we have
Vi = Ut
Wi = Vit (24)
dij = eije = 5(vig +v54),  (Tiyt) € B X (t1,t2),

where w; ; = Ou;/0x;, wiy = Ou,; /O, etc.

(iv) Boundary conditions

acceleration:  w; = W, (x4, t) € Sy X [t1, 2],

traction: o1, =T (24, t) € St X [t1, 2] (2.6)

(b) Fluid domain
(i) Dynamic equation

Pt = czp,“-, (.’Ei, t) € % (tl,tg). (27)
(ii) Free surface
p,ini = _P,tt/.% (xi,t) S Ff X [t17t2], (28)
and these equations are complemented by boundary conditions on the
pressure: p = p, (@i, t) € I}y X [ty, ta], (2.9)
acceleration:  pn; = —peW;n;, (@i,t) € Iy X [t1,t2], (2.10)
where
%p o%p 0*p 9%
Dit = 753> Pii = 33t 33 1T 53
ot Ox% Oxi Oz}

etc., and subscripts 4, 7, k and [ (I = 1,2,3) obey the summation convention.

Phil. Trans. R. Soc. Lond. A (1996)
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264 J.-T. Xing, W. G. Price and ). H. Du

(¢) Fluid-structure interface

At the fluid-structure interface boundary X, the equations describing the dynam-
ics at this interface are

normal acceleration: — p.m; = —prwN;, (xi,t) € X x [t1,ta], (2.11)
pressure:  0;;V; = p;, (@i, t) € X x [t1,ta]. (2.12)

On the basis of these equations, Xing & Price (1991) developed a variational prin-
ciple taking the dynamic pressure p(z;, t) in the fluid and the acceleration w;(x;,t) in
the solid as arguments in the functional. That is, a variational formulation is derived
by considering the functional,

to . R
H[p, wl] = / {/ [%pswlwl — %aijkld,'jdkl - fiwi] d.Q — / Tiwi dS}dt
t1 2 St

t2 1 1 1
+ PPt — 5P| A2+ [ ——pup.dl
o e L2peC 2p¢ e 2pt9

to
—/ pwmidf}dt—/ /pwmi dsdt. (2.13)
Iy t1 J X

This functional is subject to the constraints expressed in equations (2.2), (2.4), (2.5)
and (2.9) as well as the imposed initial ¢; and final ¢, time variational conditions:

(S’Ui(tl) =0= (S’Ui(tg), x; € (}sv (214)

The stationary conditions of the functional given in equation (2.13) are described in
equations (2.1), (2.6), (2.7), (2.8), (2.10), (2.11) and (2.12).

3. Variational formulations for substructure—subdomain methods

In the process of discretizing the solid and fluid media into finite-elements, it was
found advantageous in the development of the previously proposed mixed finite-
element method by the authors, to express the functional H in terms of global
arguments p and U. (Here we substitute the variables U and U for W and W used
previously, because they now have a more direct physical representation.) Under
this slight change of notation, the functional described in equation (2.13) can be
expressed in the following matrix form:

t2 ., . p . . oy A~
Hsf[p,i'f]:/ (AUTMU - LUTKU -U"F)dt

t1

ts ts
+/ (Lp"mp — LpTkp — pTa)dt — / pTRUdt, (3.1)
th ty
where M and K represent respectively the finite-element mass and stiffness matrices
of the dry structure; m and k represent the finite-element matrices of the fluid
domain and R denotes the fluid—structure interaction matrix.

For the separate dynamic problems of structure with no fluid and fluid with no
structure, it follows from the previous result that the two functionals describing these

Phil. Trans. R. Soc. Lond. A (1996)
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Substructure-subdomain method of coupled fluid-solid interactions 265

situations are

t2 . .. . . . ~
HJU)| = / (AUTMU - UTKU - U"F)dt (3.2)

t1

for the structure, and

ty

Hilpl = [ (i mib — bpThp - i) e (33)
t1

for the fluid only.

If the solid and the fluid are divided into Subs substructures and Sub¢ subdomains,
respectively, and the coupling interfaces between the fluid domains and the solid
substructures are denoted by Y, then the functionals in equations (3.1)—(3.3) can
be rewritten in summation forms corresponding to the substructures and subdomains
as follows:

Subyg

2 - . . . . A~
a=1"1

Subg to
+> / (3p"mp — LpTkp — pTa)? at
p=1"1

Xst t2 .
-3 /t (p"RU)® at, (3.4)
6=1 1

SUhS t2 . .. . . . A
H[U)=>" / AU™™MU - LUTKU - U"F)@ at, (3.5)
a=1"7t
and
Suhf to .
H¢[p] = Z / (3p"mp — 1p"kp — pTu)? dt. (3.6)
p=171

Here the superscripts (a), () and (8) represent the number of substructures admitted
to describe the solid, the number of subdomains chosen to represent the fluid and the
number of coupling interfaces, respectively. The functions to be integrated in each
bracketed term are associated with the corresponding superscripts.

The variational descriptions in equations (3.4), (3.5) and (3.6) form the basis of
the following discussion and it is shown that they allow a logical approach on which
to develop mixed finite-element substructure-subdomain methods for the dynamical
analysis of coupled fluid—structure interaction problems.

4. Displacement consistency model for solid substructure

Based on the functional described in equation (3.5), a consistent displacement
model describing the dynamical behaviour of a solid substructure can be constructed.
In this displacement based finite-element model, the displacement (or acceleration)
at each node between two adjacent substructures must be equal, but equilibrium
between two adjacent interface forces is not required in advance. Here lies the key to
the manner of selection of suitable mode vectors. That is, they are suitably chosen

Phil. Trans. R. Soc. Lond. A (1996)
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(i) to guarantee the consistency of displacement on interfaces and (ii) to construct a
complete subspace.
Taking the variation of the functional (3.5), we obtain the result

Subsg

.. t2 .. . . . .. A
SH,[U] =" / (UTMU — sUTKU — sUTF)® dt
a=1"71

Subg

t2 .. .. ~
=y / SUT (MU + KU — F)© dt. (4.1)
a=1Y1

Because of the independence of U and by using the variation § H, = 0, we find that
the equation describing the dynamical characteristics associated with a finite-element
can be rewritten in a substructure equation form as follows:
(a) (a)
{ : ]
+ - )
FJ
(4.2)
Subg

M i (o) () K R (o) (a)
Mt MII KJit KJi

> Rt =, (4.3)
a=1

In these equations, the superscript i represents the internal degrees of freedom of a
substructure, the superscript j represents the degrees of freedom on the interface of
two adjacent substructures and F7 denotes the interface force on the interface of a
substructure. Here, no summation convention is used involving superscripts ¢ and j.

For each substructure, it is assumed that the displacement can be decomposed
into the two parts, namely U® and U/, satisfying the relation

jag
£

Ui
Ui

Ui
i

vil [ui f
=]t +] 0 (4.4)
g | O U’
The second component in this expression satisfies a relation defined by the equation,
Kit K U 0
[ o Ol=1 1, (4.5)
K K9 g F
whereas the first component satisfies another relation defined by the equation,
M MY U{ K% K Ui ]
Mt MII 0 Kit Kii 0
Fi 0 ME M| UG
_| = +[ ]_{ A N
F9 F} M M g

where FJ = FJ + F{. It is observed that equation (4.5) provides a quasi-static
relationship between U¢, U7 and its corresponding interface force component Fy
in the sense that inertia forces are neglected. By the superposition principle, these
inertia forces reappear in equation (4.6) as corrections to the solution Uj. From
equation (4.5), we obtain the result

Ui = —(K") 'Ky (4.7)

Phil. Trans. R. Soc. Lond. A (1996)
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Substructure-subdomain method of coupled fluid—solid interactions 267
and hence
Ui _ Kii —1Kij ) Xij )
0 =l ( ) Ul = .,}UJ, (4.8)
Ui Vet Vel
where 77 is a unit matrix and X% = —(K*)~1 K" denotes a submatrix of the mode
vector. The substitution of equation (4.8) into equation (4.6) gives
MU} + KU} = F' + [M¥(K") " 1KY — MY, (4.9)

allowing equations (4.8) and (4.9) to be used to define the set of mode vectors
applicable to a consistent displacement model for the solid substructure.

In the previous formulation, the submatrix K* should be non-singular. If it is not
so, the inverse of the submatrix K* will not exist but this difficulty can be overcome
by a frequency shift method which is described later.

(a) Sets of mode vectors
(i) Consistent displacement modes between interfaces

Based on equations (4.5) and (4.8), consistent displacement modes between inter-
faces can now be defined by the equation,

Kii Kij Xij _
Kit Kii |
The collection of such displacement modes between interfaces is given by

X = [X7 } = { (KK 1 : (4.11)
Veki Iii

0

vt (4.10)
0

Physically, these modes represent the static configuration of the substructure on
which a unit displacement is successively imposed to each degree of freedom along
the interface, with all other degrees of freedom along the interface held fixed.

(ii) Normalized modes of a fized interface substructure

Based on equation (4.9), the normalized modes of a fixed interface substructure
are the normalized natural shapes of vibration with the interfaces of the substruc-
ture held fixed. These mode vectors can be solved through the eigenvalue equation
describing the natural vibration of the substructure corresponding to equation (4.9).

That i g L
ans (K¥ — W M¥)¢l =0, (4.12)
PTMUP =T, PTK"O = 4, (4.13)
where @' is the matrix of normalized modes in which the sth column vector is the

eigenvector ¢%, and the diagonal matrix A = diag(w?) defined by the square of the
natural frequency w; of the substructure. By means of mode transformation, we can

write Ui = ¢iQ (4.14)

and by using equation (4.9) the generalized coordinate vector associated with natural
vibrations is given by

Q= —02%[A— 2217 (AT KT — ¢T MUY (4.15)
where F = 0 in equation (4.1).

Phil. Trans. R. Soc. Lond. A (1996)
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In order to describe the contribution of the sth mode of the substructure to the
structural mode having frequency 2, it is necessary to define the following factors.
Frequency factor

92
Qsw = TR0 (4.16)
with resonance occurring at wy, = 2.
Vibration shape factor
Qsp = ¢ (w, 2K — MY)UY. (4.17)
Mode factor
2? 0Ty, —2 prij i\TTI
¢ (w, “K"Y — MU, (4.18)

“=
which represents the sth element of the generalized coordinate vector @). This factor
is influenced by both frequency and vibration shape factors.

By combining the collection of mode vectors X and &°, we can express the motion
of the substructure as

U=XU’+&Q, (4.19)
where the base vectors of the substructure motion space are the consistent displace-

ment modes X defined in equation (4.11) and the normalized natural modes of the
substructure with fixed interface
@i
} . (4.20)

0

¢:

The corresponding generalized coordinate vectors are the interface displacement U7
for the base vector X and the generalized coordinate ) for the normalized natu-
ral mode vectors. Evidently, the base vectors in this collection are complete and
independent of each other, satisfying the following orthogonal relation

B . B Kii Kij @i
XTK® = [-K"(K")™' [ [ g g ] { } =0. (4.21)
K K9 0
This selection of mode base vectors guarantees the consistency of displacement be-

tween two adjacent interfaces, but they also describe fully the configuration of the
motions of the substructure.

(b) Rule and method for mode reduction

In simple terms, the basic rule applied to mode reduction relies on the consistency
of displacement between substructure interfaces, the retention of substructure modes
producing major contributions to the global structure mode and the neglect (hence
reduction) of those which influence very little the overall result, so that a good ap-
proximation to the global mode is obtained. Generally, the consistent displacement
modes should be retained and reductions sought in the normalized modes of sub-
structures with fixed interfaces. From equation (4.19) the contributions of normalized
modes to the displacement U of the substructure are determined by the product of &
and @. Because each column in @ is normalized by the same normalizing factor, the
contribution of each column in @ to the displacement U can be regarded as equal.
The quantity of each element in @ represents the contribution of the corresponding

Phil. Trans. R. Soc. Lond. A (1996)
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Substructure-subdomain method of coupled fluid—solid interactions 269

normalized mode of the substructure to the displacement U. For example the sth
element g5 = ¢4, sy Of the generalized coordinate vector () represents the contribu-
tion of the sth normalized mode, which is the sth column of the normalized mode
matrix @, to the displacement of the substructure. The quantity ¢, is dependent on
frequency w, and vibration shape ¢,, which clearly illustrates an inadequacy in any
reduction rule depending on frequency only. Let us examine the implications of such
a reduction rule.

(i) Frequency reduction and its influence

The relation between the absolute value of the frequency factor g, in equation
(4.16) and the frequency ratio w,/2 is shown in figure 3. This curve can be discussed
by dividing the frequency domain into three separate regions as follows.

(a) In the vicinity of a resonance, i.e. ws &~ {2, the absolute value of g, is very
large implying that modes with frequencies ws close to {2 should be retained.

(b) For wy > (2, then

2? 2? 2?

indicating that modes with frequencies w, much higher than {2 can be neglected from
the point of view of frequency reduction.
(¢) For wy < {2, then
2

w
qsw=1+9—;+...z1, (4.23)

indicating that the frequency contribution factor associated with sufficiently low fre-
quency modes of the substructure to the high frequency modes of the global structure
is close to unity.

To summarize these results, the rule of reduction based on frequency only retains
modes with natural frequencies close to the global frequency 2 and to neglect those
modes with natural frequencies far from this frequency. Because characteristics of
the global structure in the low frequency region are usually needed in engineering
studies, modes with frequencies (2 or 3 times say) higher than the highest frequency
{2 are commonly neglected in this type of analysis.

The effect of frequency reduction to the approximate solution can now be exam-
ined. For example, it follows from equations (4.2), (4.8), (4.11) and (4.15) that the
equation describing the interface force on the substructure is given by

Fi = {(K7 = Q°M7) — (K" = M) &' (A — 2°1) 7' &' (K — 2°M ") }U7
= U7, (4.24)
where the dynamical rigidity of a substructure interface is expressed as
K = (K9 — Q2MP) — (K9* — QM) (A — 221) P o1 (K9 — 22 MY).  (4.25)
In this relation, the factor (A — £221)~! is positive definite for w? > 22 and nega-
tive definite for w? < £22. Therefore, the neglect of high frequency modes causes a
hardening (or stiffening) of the substructure interfaces. The resulting computation of
frequency in the low frequency regime associated with the dynamical characteristics
of the structure by this mode synthesis method produces higher estimates than the
values calculated by the corresponding finite-element method. Alternatively, the ne-

glect of low frequency modes causes a softening (or an increasing of flexibility) of the
substructure interfaces and the reverse trend to the one previously described occurs.
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! w, /O
2 3

Figure 3. The curve of absolute value of frequency contribution factor g, versus frequency
ratio we/f2.

(ii) The reduction depending on the vibration shape factor

Although, in most cases, the important modes are retained through application of
the frequency reduction rule, it is not infallible when dealing with a complex struc-
ture. In applying only a frequency dependent reduction rule, important modes may
be missed and some unimportant modes may instead be inefficiently retained. These
short comings may be overcome by developing a reduction procedure dependent on
the vibration shape factor. Although vibration shape factors are unknown before the
final synthesis, many of them can be assigned to a zero value because of symmetry
considerations. In principle, a symmetric structure can be divided into substructures
without destroying its symmetry. A symmetric mode of a substructure provides zero
contribution to each antisymmetric mode of the structure and vice versa. Therefore
symmetric and antisymmetric modes can be synthesized separately. In this way, the
degrees of freedom, including those on interfaces, can be reduced more efficiently.

(¢) Synthesis of substructure equations

Let 4520‘) and Q,(Ca) denote respectively the remaining normalized modes of sub-
structure (o) and the corresponding generalized coordinates. It follows from equation
(4.19) that the motion of this substructure can be expressed as

N N o Uile)
U =[x &) @ | (4.26)
or simply by
U@ = @Q), (4.27)
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The substitution of equation (4.27) into equation (3.5) gives
Subg

P Sy T ST SRt

and through variation of this equation in conjunction with equations (4.21) and
(4.13), the dynamical equation after synthesis may be cast into the form

MQ+KQ=F. (4.29)
Here,
Subg Subg 3
QW =T®Q, M= TOTMOT®, K= TOTKOT,
a=1 a=1
Sub
— Y . - X @Tpg) x (@) x(@)T pr) gl
F=) TWF M®= B, g (430
; ¢§ca)TM(a)X(a) Il(ca) ( )
a)T a a
Flor — | XTEOXE 0 1 p) g,
0 AR )

where T(®) represents the transformation matrix from a global degree of freedom Q
of the structure to a degree of freedom Q(®) of the a substructure. For example, if
Subg = 2, the global degree of freedom of the structure can be represented as

Q=| v’ |. (4.31)

It is noted that the synthesis computations defined in equations (4.30) can be
implemented in a similar way to the assembly of finite-element matrices. As required
by the functional Hy in equation (3.5), the only necessary condition for synthesis is
the consistency of displacement between adjacent interfaces of substructures.

It is not difficult to realize that the finite-element solution of the original problem
can be obtained by this mode synthesis method without any mode reduction, relying
on the independence between the consistent displacement modes and the normalized
modes of substructures with fixed interfaces. In fact, the finite-element equation of
the original structure can be easily obtained through an inverse-transformation of
equation (4.27). In the mode reduction case, the solution produced by mode synthesis
is inherently a good approximation to the solution of the original problem because
mode reduction is carried out according to the magnitude of the mode factors relevant
to the substructure.

5. Hybrid displacement model of solid substructure

By means of the application of the Lagrange multiplier method, the consistent
condition of the displacement or acceleration between the interface of two adjacent
substructures can be released from the functional in equation (3.5). A modified func-
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tional in the form
. SUbs t2 .. . . . . A .. .
Hp[U,F) = / AU™™MU - \UTKU - U"F - 07" 7)) dt, (5.1)
a=1"t

can be obtained. Here, F/ denotes the Lagrange multiplier, and physically it rep-
resents the forces on the interface of two adjacent substructures. This functional
requires that the equilibrium condition of the forces on the interface of two adjacent
substructures, for example, the condition in equation (4.3) for case Subs = 2 must
be satisfied. When using this functional to formulate the substructure model, the
chosen collection of mode vectors must guarantee the equilibrium of interface forces
between two adjacent substructures. On the other hand, the consistent condition
of displacement or acceleration, which is not pre-imposed, can be obtained through
the variation of the functional in equation (5.1). In fact, for the case of Suby = 2 it
follows that by using the consistent force condition expressed in equation (4.3), the
dynamical equations describing the substructures in equation (4.2) and the consistent
acceleration condition on the interface of two adjacent substructures, i.e.

i) = i), (5.2)

are derived from the variation of the functional in equation (5.1). It is on such
a theoretical base that a hybrid displacement model of solid substructure can be
established.

(a) Sets of mode vector

For the hybrid displacement model, two requirements must be satisfied in the
selection of the collection of mode vectors. They are (a) the condition of consistent
force between the interfaces of two adjacent substructures, and (b) a full description
of the motion configurations of the substructure in space. To develop this model, let
us take

U =U, + Uy, (5.3)

KUy —| ° 5.4

0 — Fj ) ( . )

MU, + KU, = —-MU, + F. (5.5)

We can now define the following two kinds of modes.

(i) Consistent force modes between interfaces These modes are defined by the
static configuration of the substructure when a unit force is applied successively to
each degree of freedom on its interfaces, with all remaining freedom-degrees unfet-
tered. This collection of consistent force mode vectors is given by

0
Veti

UO = ij, (57)
where the subscript ‘e’ indicates that the elastic modes of the substructure are re-
ferred to in the associated quantities. Furthermore, we assume that the matrix K

has an inverse. If it is not so, a frequency shift technique can be applied as discussed
in §8a.

y=K" { =P NPT (5.6)
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(ii) Normalized modes for free interface substructure These are the normalized
vibration shapes associated with the interface of the substructure when allowed com-
plete freedom from all constraints. In terms of generalized coordinates, equation (5.5)

with F = 0, can be rewritten as

U, = $.Q., M. =1, STKP. = A, (5.8)
Qe= %A, — I '¢TMK™! zgj
2 2pv—1 4-1gT | O
= (A — 2°I) A D, wi | (5.9)
allowing the following factors to be defined.
The mode factor
22 rl 0 22 o
= - HTERd
9= Ewr Qg)fbs i (w2 = m)¢s FV. (5.10)
The frequency factor
22 -1 ifw, < 2,
sw = T Ay N ) 5.11
: wg — §2? { 22/0? ifw, > 0. (5.11)
The vibration shape factor
= ¢ MK™! 0= -1——¢jTFj (5.12)
qs¢ s Fj wg s . .

The motion of the substructure can now be described by the equation
U=yF +&.Q., (5.13)

where y and @ are the collections of mode vectors corresponding to the generalized
coordinates FV and Q., respectively. Evidently, y and ¢ are not independent of one
another, but they can be arranged to be so after mode reduction.

(b) Rule and method of mode reduction

The rule applied to mode reduction in this hybrid model is that under a consistent
force condition between the interface of substructures, we retain the substructural
modes which provide significant contribution to the modes of the structure and
neglect those producing little contribution to the global structure modes. Therefore,
the number of elastic modes associated with the free interface substructure may
be reduced. The reduction method applicable to this situation is similar to the one
used in the consistent displacement model. To guarantee the independence of various
mode vectors, after reduction the consistent modes are corrected by the relation,

E=y— DA O = BN B (5.14)
allowing the corresponding motion of the substructure to be rewritten in the form,
U =& + 1Qx. (5.15)

Here the subscripts k and h denote the retained modes and the higher modes which
have been reduced, respectively. Thus p/ is the generalized coordinate corresponding
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to the mode vector £ satisfying the equilibrium condition. For example, for Subs = 2
Mj(l) T Mj(2) =0, (5.16)
and the collection of mode vectors & and @, satisfy the orthogonal relations,
E'M®, =0, ETK®), =0. (5.17)

These results can be confirmed by using equations (5.8) and (5.14). .
From equations (5.6), (5.9) and (5.13), the component of the displacement U’
satisfies the equation

Ul = {@IATDIT + D102 (A, — 2P1) 'AJ BTV F = G R (5.18)

where GY7 is referred to as the dynamical compliance of the substructure interface.
The factor (A, — 22I)~! is positive definite if w? > 22 and negative definite if
w? < 2% Therefore, the neglect of a mode with frequency higher than (2 of the sub-
structure reduces the value of the dynamical compliance, implying that the interface
of substructure is harder; the reverse case makes the interface of substructure softer
(i.e. more flexible). These results are similar to the ones obtained in the consistent
displacement model, and therefore the previous conclusion relating to the effect of
frequency reduction is valid. Obviously, if no modes are reduced, then & = 0, and the
solution obtained by this mode synthesis method is replaced by the solution obtained
from the corresponding finite-element method.

(c) Synthesis of substructure equations
Calculations through synthesis can be derived by using equations (5.1), (5.2) and
(5.15). The mode transformation relation in equation (5.15) for substructure (a) can
be rewritten as

QY

U® = [¢@) &) = Q). (5.19)

The respective displacement and acceleration on the interface of a substructure are
given by

(o (o (o 'uj(a) Hi(a) A(a
Ui = [gil) @i ()] [ (@) } = ¢/ Q) (5.20)
k
and
e (o o ﬂj(a) o) Ala
i) = [gile) @il lQ () } = ¢i) Q) (5.21)
k

The substitution of equation (5.19) into equation (5.1) gives

Subg

t2 AU Loy~ A 2~ 2o~
m=Y [(GQMQ-1QTKQ-QTF - QT W, ()
a=1Y1h
and by means of the variation of equation (5.22) in conjunction with equations (5.8)
and (5.17), we derive the following equations:
MQ+KQ=F+ F, (5.23)
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and
Subsg _ _
Q"> TP/ TT) <. (5.24)
a=1

The quantities occurring in equations (5.20)—(5.24) are defined by

Subs )
QW =TqQ, M= Z T pple)ple)
a=1

K=Y p@Tgepe | =S p@The pi= SSubs ()T frile)

i @Tpp@g ~ f@OTR@g@
e - | & ! J K@ = l o |
0 Fps 0 A

Flo) — p@Tf@)  fil) — gieT i) File) = ) fi.

Vs
(5.25)
where T(® represents the transformation matrix from the global degree of freedom
Q of the structure to the degree of freedom Q(® of the « substructure, and T(®
represents the transformation matrix from the independent interface force vector FY
to the interface force vector F7(®) of the o substructure. For example, in the case of
Subs = 2 illustrated in figure 2, these quantities have the following forms:

Qv
Q= | w |, (5.26)
)
k
and
FI =i, (5.27)

We find that by using equation (5.24), the dependent variable can be reduced, so
that

Q="TQ, (5.28)
allowing the transformation of equation (5.23) to its final form
MQ+KQ=F. (5.29)
Here,
M=T"MT, K=T'KT, F=T"F, (5.30)

from which it can be deduced that
TTFI = 0. (5.31)

This process can be implemented in the same way as adopted to assemble finite-
element matrices.

6. Pressure equilibrium model of fluid subdomain

In a similar way to the development of a consistent displacement model for a solid
substructure, a pressure equilibrium model for a fluid subdomain can be constructed
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based on the functional in equation (3.6). In this model, the pressure equilibrium con-
dition on the interface between two adjacent subdomains must be satisfied. Therefore,
the mode vectors must be suitably chosen (i) to guarantee the pressure equilibrium
on interfaces and (ii) to construct a complete subspace. These are similar to the
conditions imposed in the displacement consistency model in §4.

Taking the variation of the functional (3.6), we obtain

Subsg

to
§Hy[p] = Z / (6p"mp — 6p kp — spTu) P dt
g=1"1

Subf

t2 .
- Z / 6p* (—mp — kp — )P dt. (6.1)
., Jt

Because of the independence of ép and by using the variation § Hy = 0, we derive an
equation describing the dynamical behaviour of the pressure fluid element which, in
subdomain form, can be expressed as

[mii i :1([3) lipz }(ﬂ) N l il ki ](ﬁ) lpi }(ﬁ) _ l _1}2 (ﬁ)+ 0 }(ﬁ)
midt I P kit dd P —iid —qiJ ’
(6.2)
Subg
> —id? =o. (6.3)
B=1

Here superscript ¢ represents the number of internal degrees of freedom assumed in
the subdomain, the superscript j represents the number of degrees of freedom on
the interface of two adjacent subdomains and the quantity —ii/ denotes the interface
acceleration on the interface of the subdomain. No summation convention is applied
to superscripts ¢ and j.

From a mathematical point of view, equations (6.1), (6.2) and (6.3) are similar
to equations (4.1), (4.2) and (4.3) for the consistent displacement model for a solid
substructure. For this reason, no discussion is presented of the process to derive the
pressure equilibrium model for the fluid subdomain. Here we focus on the procedure
to derive the set of modes for this model and their corresponding synthesis.

(a) Sets of mode vector
(i) Pressure equilibrium modes between interfaces

These relate to the pressure distribution within the subdomain with the fluid
compressibility neglected. (This is comparable to the approach adopted in deriving
equation (4.5) in which the inertia forces are neglected.) That is, the velocity of sound
in the fluid ¢ — oo, and a unit pressure is imposed successively to each degree of
freedom along the interface with all the other degrees of freedom along the interface
set to zero pressure. By virtue of matrix notation and by repeating a similar analysis
to the one discussed in §4, we derive the expression
Y 0
- { e ] . (6.4)

1ii

kii kij
Lt ki
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This result allows the collection of pressure equilibrium modes between interfaces to

be defined as
Yij _ k“ —lkij
=[ " ] (6.5)

ek

VEE

where 7 is a unit matrix.

(ii) Normalized pressure modes of a zero pressure interface subdomain

These are the normalized natural vibration pressure mode shapes associated with
the interfaces of the subdomain kept at zero pressure. They are calculated by solving
the following eigenvalue equation:

m" Py + k'pi =0, (6.6)

pi = @iP, o Tmiigi = I, Gkl = A, (6.7)
where ' is the matrix of normalized pressure modes, P denotes the generalized
coordinate vector and the diagonal matrix A = diag(w?) relates to the the square of
a natural frequency w; of the subdomain.

By combining these collections of mode vectors (i.e. Y and ¢), we find that the
pressure in the subdomain can be written in the form

p=Yp + P, (6.8)

where the base vectors of the subdomain pressure space are the pressure equilibrium
modes Y in equation (6.5) and the normalized pressure modes of the subdomain
with zero pressure interface, i.e.

(P:

901'
g ] . (6.9)

The corresponding generalized coordinate vectors are the interface pressure p’ for the
base vector Y and the generalized coordinate P for the normalized pressure mode
vectors.

(b) Synthesis of subdomain equations

Let <p,(f ) and Pk(ﬁ ) denote the retained normalized modes of subdomain (3) and
the corresponding generalized coordinate respectively. It follows from equation (6.8)
that the pressure in this subdomain (3) can be written as

P(ﬁ) = [Y(ﬁ) Sal(cﬁ)] p® | (6.10)
k
or simply,
p(ﬁ) — @(ﬁ)ﬁ(ﬁ)' (6.11)
The substitution of equation (6.11) into equation (3.6) gives
Subs to . . o o
H; = Z/ (APTmP - JP"kP — P"u)? dt, (6.12)
p=1""h
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and by means of the variation of equation (6.12), the dynamical equation after syn-
thesis satisfies the relationship,

mP+kP = f. (6.13)

The quantities occurring in these equations are given by

Subs¢
PO 1O P, = Z TET B T®),
B=1
Subf Subf
k— ZT(ﬁ)TE(ﬁ)T(ﬁ), f= Z A
pB=1
s Y(ﬁ m®y ) Y(ﬁ)Tm )<P1(f) (6.14)
me= Mm@y ® I )

AW

[Y(ﬁ)Tk Ay ® o ]
k

8 = peri®, )
Here T represents the transformation matrix from the global degree of freedom P
of the fluid domain to the degree of freedom P® of the 3-subdomain.

This synthesis process can be implemented in the same way as usually adopted
when assembling finite-element matrices. As required by the functional H; in equa-
tion (3.6), the pressure equilibrium condition on the interfaces of two adjacent sub-
domains is the only necessary requirement to be satisfied for synthesis to take place.

7. Mixed model of substructure—subdomain

For a coupled fluid-solid interaction problem, the functional (3.4) can be used to
construct a model connecting a substructure and a subdomain. For simplicity, let us
discuss the case of Sub® = 1 and Sub’ = 1. The variation of the functional (3.4) now
takes the form:

t2 .. .. . . . A
0Hg = / (UTMU - sUTKU — §UTF) dt

ty

to t2 N .
+ / (6pTmp — 6p"kp — 6pT ) dt — / (6p"RU + sUTR"p) dt

tl tl
t2 . . A ~ .
= / {6UT (MU + KU — F — R"p)dt — 6p™ (mp + kp + i + RU)} dt.
ty
(7.1)

Because of the independence of the variations 6U and op, the equations describing
dynamical interaction between an adjacent substructure-subdomain are

:RT{p

)

ﬁn’
fre

Uz’

_+_
UC

, | (7.2)
MCl MCC KCl KCC

M'i'i Mic
pC

{ Ki Kie
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for a solid substructure, and

ii ic 5 ki e i _ | £i
T N O S A A (7.3)
mC'L mCC pC k.C'L kCC pC UC fC
for a fluid domain. Here, we have
_ 0 0 o ~ A ~
R = , t= -t ¢ = —uf, 7.4
l 0 R ] f f (7.4)

and the superscript ¢ represents the number of degrees of freedom on the coupling
fluid—solid interface between the substructure and subdomain.

The functional in equation (3.4) does not require any prerequisite form of consis-
tency of displacement or acceleration and pressure on the coupled interface between
fluid and solid, so there can exist many collections of mode vectors associated with
the mixed substructure-subdomain model (see Xing 1984, 1986a,b). Here, one col-
lection of mode vectors is described. This represents a model of pressure equilibrium
on a coupled interface.

(a) Set of mode vectors

To advance our argument, firstly let us assume that the pressure on the interface
between the fluid and solid is zero. Physically this implies no fluid—solid interaction.
In this situation, the fluid subdomain and the solid substructure can be solved sep-
arately and an initial selection of their respective mode vectors obtained. Then we
consider the practical case of a pressure acting on the coupled interface to correct
for the first selection of mode vectors.

Mathematically, as in the previous §§4-6 the displacement U and pressure p can
be divided into two parts

U =U +U, (7.5)

G

where each part of the displacement and pressure satisfies the equations

KU, = lepc , (7.7)
MU, + KU, = —-MU, + F, (7.8)

and
R ™

mii mic pll
\‘mci mcc] \\ 0 +

kii kic pll

kci ece 0

2]
fc
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Comparing equations (7.5), (7.7) and (7.8) with equations (5.3), (5.4) and (5.5),
we find that the set of mode vectors for the hybrid displacement model of solid
substructure can be used to represent the motion of this substructure with fluid—
solid interaction interface. That is

U=[¢ & = &Q. (7.11)

k

Similarly, from a comparison of equations (7.6), (7.9) and (7.10) with the equations
related to the pressure equilibrium model for a fluid subdomain in §6, the fluid
pressure in the fluid subdomain with the fluid—solid interaction interface can be
represented as

p=[Y

fj ] — @P. (7.12)

In this model, the mode vectors &, @, Y and ¢, are respectively given in equations
(5.14), (5.8), (6.5) and (6.7) with the superscript ¢ replacing j.

The mode reduction process is similar to the one previously discussed in §§4¢, 5¢
and 6 b and no additional explanation is needed.

(b) Synthesis of substructure—subdomain equations

The substitution of the mode transformations described in equations (7.11) and
(7.12) into the functional in equation (7.1) together with its variation § Hys = 0 allows
us to obtain the following equations:

MQ+KQ=R'P+F, (7.13)
mP + kP =—RQ + 7}, (7.14)
where
M=¢"M®b, K="Kb, F=20"F,
= ST L — 5Tl - T7 T ~TR& (7.15)
m=¢g mp, k=¢ ko, f=¢f R=¢ RP

The symmetrization of equations (7.13) and (7.14) has been discussed previously
(see Xing & Price 1991), and the argument is not reiterated here.

8. Special techniques

(a) Frequency shift

In the previous discussion, the inverse matrices (K%)~! in equation (4.11), K~!
in equation (5.6) and (k*)~! in equation (6.5) are required for the proposed methods
to be readily usable. However, if a matrix is singular difficulties arise. These can be
overcome by application of a frequency shift technique which is now discussed.

(i) Global eigenvalue problem
Let us consider the eigenvalue problem

K& = (M®. (8.1)
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Here ¢ and & represent the eigenvalue and the corresponding eigenvector. The adding
of a term (; M® to each side of equation (8.1) gives

K& =_(M®&, (8.2)

where
K=K+OM, (8.3)
¢=C+¢, (8.4)

and the additional quantity ¢; provides the means to cause a frequency shift. From a
comparison of equations (8.1) and (8.2), we can conclude that the eigenvalue problem
in equation (8.1) and the eigenvalue problem in equation (8.2) give the same eigen-
vector and the corresponding eigenvalue differ by a frequency shift ;. Therefore, if
the matrix K is singular, we obtain its solution by solving the eigenvalue problem
in equation (8.2) with the non-singular matrix K.

(ii) Substructure or subdomain method

To extend the discussion, let us assume that the equation describing the eigenvalue
problem for substructure () is of the form

MU 4 KOU® =, (8.5)

The appropriate_equations after synthesis are described in equations (5.25), (5.29)
and (5.30) with F' = 0. Now, if a frequency shift {; is given to each substructure (),
the corresponding equation describing the substructure is

M@ 4 K@y =g, (8.6)

where now

K©® = K©® 4 M@, (8.7)
Based on this discussion it follows that equation (8.6) gives the same eigenvector &(*)
and an eigenvalue with a frequency shift (; as given by equation (8.5). The quantities
&) and A represent the consistent force modes and eigenvalue diagonal matrix
of equation (8.6). Therefore, from equations (8.3), (8.4), (5.14) and (5.17) we obtain
the following results:

A@ = A+ (I, ALY = AV + a1,
AL =A@ L 1@ Ee) = @) A0 D gl } (8.8)
and orthogonal relations

é(a)TM(a)ds(a) =0, é(a)TK(O‘)@(Q) =0. (8.9)

The corresponding mode transformation relation is

o e L
U© = [ ¢ 2 w | =2Q, (8.10)
k

and by using equations (8.8) and (8.9), we can transform equation (8.5) into the
form,

M@Q©® + K@@ =, (8.11)
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where
X E)T g )
pre) — | &7 MTE (o) | (8.12)
0 I,
- £(a)T (o) g(a)
Koo | §T KT ?a) : (8.13)
0 A

Because the transformation in equation (8.9) is orthogonal, equation (8.11) has the
same eigenvalue and same eigenvector space as belongs to equation (8.5). Further-
more, it follows by similar arguments to those described in the development of equa-
tions (5.23), (5.25), (5.29) and (5.30) but with & replacing & that the equivalent
equation after synthesis of equations (8.11) is of the form,

MQ+KQ=o. (8.14)

This also has the same eigenvalue and eigenvector space as equation (5.29) with
F=o0.
On the other hand, the transformation (8.10) can transform equation (8.6) into

the form,

M(Q)é(a) + K®Q@ =, (8.15)
where
A (@T (@) g@)
gl _ | & EIEY o (8.16)
0 Ay
— K 4 ¢ M@, (8.17)

It can be shown that the appropriate valid equation after synthesis of equation (8.15)
is

MQ+ (K +M)Q = 0. (8.18)
This implies that equation (8.18) has the same eigenvector to equation (8.14) and an
eigenvalue with a frequency shift ¢;. Thus equation (8.18) also has the same eigen-
vector space and an eigenvalue with a frequency shift {; corresponding to equation
(5.29) with F = 0.

On the basis of this discussion, we conclude that a frequency shift technique can
be used in the hybrid substructure displacement model to overcome the difficulty of
singularity in matrix K. For the consistent displacement model for the solid and the
pressure equilibrium model for the fluid the same conclusion can also be reached. For
the coupling fluid-solid case the conclusion may not be deduced because of symmetry
reasons. However, if there is a fixed interface for each solid substructure with a wet
interface, normally a singular matrix does not exist and there is no need to use the
frequency shift technique. If, in the rare case, a singularity exists, modifications to
the substructure idealization can usually overcome this problem.

(b) Ground motion

The prediction of the dynamical response of a system excited by ground motion, for
example an earthquake, is a problem of great practical importance. To demonstrate
how this problem can be discussed in the analytical framework created previously,
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let us consider the coupling equations (7.2) and (7.3). These can be rewritten as

MU+ KU =R'p+F, (8.19)
mp+kp = —RU + ¥, (8.20)

and there exists (for sake of argument) a ground motion U and U exciting this
coupled system (that is, for example, in practical terms the fluid-structure interaction
excited in a dam by an earthquake). The motion of the structure may be written as

U=U-+TU, (8.21)

where U represents the motion of the structure relative to the ground. Substituting
equation (8.21) into equations (8.19) and (8.20), we obtain equations

MU + KU = R"p + F — MU, (8.22)
mjp +kp = —RU + J — RU, (8.23)

where the relation obtained from the rigid motion U of structure
KU =0 (8.24)

is used.
From equations (8.22) and (8.23), we find that the excitation of ground motion

may be regarded as a force —M U added to the structure and a force —RU applied
to the fluid.

9. Numerical examples

To complement the mixed finite-element substructure-subdomain method pre-
sented herein, a specialized computer algorithm (FSIAP92) based on PC architecture
was developed to solve large dynamical response problems associated with structure,
fluids and fluid-structure interactions. This user friendly software contains all the
theoretical features discussed in the development of the approach and overcomes re-
strictions on computer storage capacity, length of run time, etc., providing an effective
and efficient solution to complex fluid-structure dynamical interaction problems.

To provide an insight into the range of application of the theory and software,
a selection of practical examples are discussed. Wherever possible, predictions from
the proposed mathematical model are compared with results derived from analytical
solutions, other software packages and other mathematical or theoretical models.

(a) Eigenvalue and dynamical response analysis of a two-dimensional fluid
container excited by a ground motion

Figure 4 illustrates a two-dimensional fluid container (e.g. oil storage or water
storage tank) with rigid boundaries of length L = 160 m and height H = 160 m. It
is assumed excited by an earthquake creating an idealized horizontal ground motion
U = — cos(2m ft) with a frequency of excitation f = 3.0 Hz. If the free surface wave
is neglected, the theoretical solution of the natural frequencies of the water pond is

AmnC
frn = o

Phil. Trans. R. Soc. Lond. A (1996)

(n=0,1,2,...; m=1,3,5,...), (9.1)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

284 J.-T. Xing, W. G. Price and ). H. Du

Table 1. A comparison of the calculated and theoretical natural frequencies (Hz) of the
two-dimensional fluid container illustrated in figure 4

mode number calculation theoretical

1 2.2488 2.223438
2 5.1062 4.996214
4E 3 7.0940 6.703125
~~ 4 8.4464 8.056154
::‘ 5 10.108 9.212564
—
olm
= where ¢ = 1430 m s~ ! denotes the velocity of sound in water, and the dynamical
!
QO pressure on the left wall excited by the ground motion is given by
= O oo
8pH An 1 — cosh(kL)
POy 1) = =5 2 (2n 1 1)2 {eos2m ) = San(h )
4 & 1
+f "12123:5 W cos(Apmnct)} sin(A,y), (9.2)

where

A= 02n+1)r/2H (n=0,1,2,...), Am =mn/L (m=1,3,5...),

k=N —4r2f2] Apn = VA2 1 A2,
(9.3)

As shown in figure 4, 16 four-node two-dimensional isoparametric fluid pressure
elements of equal size were used to discretize the enclosed fluid domain. At each
node of each pressure element there is prescribed only one pressure variable so that
25 degrees of freedom are admitted in the analysis. For this model, the calculated
first 5 eigenvalues are listed in table 1. The calculated dynamical pressure at point
A on the left wall is illustrated and compared with the theoretical prediction (i.e.
equation (9.2)). It is found that both calculations are in reasonable agreement with
the theoretical results, even taking this relatively crude (simple) idealization.
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(b) Dynamic response of a two-dimensional dam-water system excited by a ground
motion

Figure 5 illustrates a two-dimensional dam—water system of the same dimensions
as shown in the previous example (see figure 4). The dam is idealized as a uniform
elastic structure of Young’s modulus E = 2.4 x 10° kg m~2, Poisson ratio v = 0.17,
and the system is again excited by a horizontal ground motion as defined previously.
The dam is of width 120 m at base and 15m at top. To predict the dynamical
characteristics and responses of this water-dam system, as shown in figure 5, 16
four-node isoparametric fluid pressure elements (similar to the ones illustrated in
figure 4) and eight four-node isoparametric solid plane strain elements were adopted
to describe the fluid-structure interaction. Since to each node of a solid plane strain
element there are prescribed two displacement degrees of freedom and to each node
of a fluid pressure element there is attached one pressure variable, it follows that
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MPa x
196 -
H
5/
.098 77777777777

— fl:—cosZnﬂf
Time(s) f=3.00Hz

1 1 |

/ / 0.4 0.5 Theoretical

——O—— Mode superposition
-.098 |

——— Direct integration
L=160m

-196 | H=160m

Figure 4. A 16 fluid pressure element idealization is used to calculate the dynamical characteris-
tics of a two-dimensional square fluid container with rigid boundaries of length L = 160 m = H
excited by a ground motion U = — cos(2n ft), f = 3.0 Hz. Comparisons are presented of the
dynamical pressure results at point A on the left wall derived from various prediction methods.
That is, theoretical ( ), numerical by a direct time integral approach with At = 0.01S (—a—)
and numerical by mode superposition using the first 16 mode (— o —) solutions.

each node on the wet interface is associated with three degrees of freedom and the
whole dynamic system is thus defined by 55 degrees of freedom (30 for displacement
and 25 for pressure). In the numerical analysis, the first 16 modes of vibration are
admitted in the calculation of the dynamic pressure at each fluid node and the
displacement or stress at each node in the solid elements. The black line represents
the theoretical solution of the dynamical pressure at the point A on the dam-water
coupling interface if the dam is assumed rigid. The numerical solution by mode
superposition is represented by the line (—o—). When the elastic modulus is increased
to £ = 2.4 x 10" kg m~2, the calculated result is represented by the line (—a—) in
figure 5. As expected, it is seen that the solution obtained for the dam modelled by
the higher elastic modulus lies closer to the solution derived assuming a rigid dam.
The influence of flexibility is readily demonstrated.

(¢) Dynamic response of a two-dimensional beam-water system excited by a
pressure wave

Figure 6 represents a two-dimensional beam—water system. The two-dimensional
flexible beam is of height H = 160 m and the domain of water is of length L =
1600 m. The properties of this beam are as follows: gravity density of beam v, =
2.0 x 1072 kg cm ™3, elastic modulus E = 2.4 x 10° kg cm~2, Poisson ratio v = 0.3,
section area B = 2.56 x 10 cm? and section moment of inertia J = 5.461 x 10'* cm?.
In this example the system is excited by a triangular pressure wave caused by an
earthquake as shown in figure 7.

As illustrated in figure 6, this interactive solid-fluid system is modelled by 48
four-node isoparametric fluid pressure elements, four two-node beam elements and
65 nodes. In the mode superposition calculation, the first 20 modes of vibration
are admitted into the analysis. Figure 8 shows the dynamical pressure curves at the
points y = 0 m, 200 m, 600 m, 1000 m, and 1400 m along the horizontal line z = 80 m
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-
A\ L
MPa
196 | .
A 1:0.75 / H
098 r /’( \ / 77, A
) U=—cos2nft
. Time(s) f=3.00Hz
1. 1 Il L

_ L
X(o)l/ 02 0.3 04 05 — Theoretical(rigid dam)
- —O— Numerical(E=2.4x10° kglim2)
-098
—h— Numerical(E=2.4x10”kg/ m2)
W L=160m

-196 | H=160m

M~

Figure 5. Sixteen fluid pressure elements and eight solid plane strain elements are used to
calculate the dynamical responses of a two-dimensional dam-water system (L = 160 m = H)
excited by a ground motion U = —cos(2rft) with the frequency f = 3.0 Hz. The velocity
of sound in water is ¢ = 1430 m s™!. The line (—) represents the theoretical solution of the
dynamical pressure at the point A on the dam—water coupling interface if the dam is assumed
rigid. The numerical solution by mode superposition is represented by the line (— o —) with
Young’s modulus £ = 2.4 x 10° kg m™2. For an elastic modulus F = 2.4 x 10*! kg m~2 and
Poisson ratio v = 0.17, the calculated result is given by the line (—a—), which is in closer
agreement to the prediction based on a rigid body assumption.

z
. z=160m
o - Water
Beam P
H I e o o z=80m
z=0m
~N
Yy
L

Figure 6. A finite-element idealization of a beam—water system consisting of four solid beam
elements and 48 two-dimensional fluid pressure elements as well as 65 nodes.

in the water. From figure 8 the transmission of the pressure wave can be clearly seen,
which agrees well with practical observation.

(d) Dynamic response of a three-dimensional arch dam-water system ezcited by a
ezplosion pressure

Figure 9 illustrates schematically a finite-element idealization of an arched dam-—

water system of dimensions height H = 100 m, B1 = 271 m, B2 = 791 m, length

L = 520 m containing water of depth h = 90 m. The dam is constructed of materials

with properties: gravity density of dam v, = 2.4 x 1072 kg ecm ™3, elastic modulus
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y p/(kgem™?)
600+
300
time/s
0 0.3 0.6 0.9

Figure 7. A triangle pressure wave excitation applied to the beam-water system in figure 6.

Table 2. A comparison of natural frequencies (Hz) for structure shown in figure 12

mode number  theory FSIAP92 NASTRAN

1 0.00 0.00 0.00
2 0.85 0.61 0.61
3 2.03 1.74 1.73
4 3.70 3.33 3.32
5 5.84 5.38 5.37
6 8.46 7.89 7.88
7 11.56 10.85 10.85
8 15.13 14.27 14.28
9 19.13 18.11 18.18
10 23.72 22.37 22.55

E = 2.4 x 10° kg cm™? and Poisson ratio v = 0.3. To calculate the dynamical effect
on the dam due to a centrally positioned explosion on the bottom of the reservoir,
i.e. at position L1 = 205m, B3 = 249 m as shown in figure 9, we idealized this
system by 13 8-21-node three-dimensional isoparametric solid elements and 117 8-
21-node three-dimensional isoparametric fluid pressure elements in addition to 289
nodes used to model the fluid-structure interaction. For simplification only, it is
assumed that the infinite fluid domain can be suitably approximated by a finite do-
main and the fluid at great distances from the explosion remains undisturbed. These
assumptions do not detract from the proposed mixed finite-element substructure—
subdomain approach but they allow us to remain focused on the fluid—structure
interaction in a simple way. Perhaps in this example, a more reasonable theoretical
approach, though not necessary a more practical approach, would be to adopt in-
finite elements (see, for example, Zienkiewicz 1977) for the idealization of the fluid
domain. This would enhance the overall solution process but introduce an extra spe-
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Figure 8. The dynamical pressure curves calculated at the points y = 0 m, 200 m, 600 m, 1000 m
and 1400 m along the horizontal line z = 80 m in the fluid of the beam-water system in figure
6. This system is excited by the triangular pressure wave shown in figure 7.

r
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cialization without adding significantly to the rigorous theoretical development of
the subdomain-substructure approach, which is the principal theme of this paper.

In this example, the first 50 modes of vibration are used to calculate the dynamic
responses by the mode superposition approach. Figure 10 illustrates the assumed
pressure time history of the explosion. Figure 11a shows the displacement response
in the z-direction at point A at the top of the arched dam and figure 115 illustrates
the dynamical pressure at point B on the dam. Predicted values of responses at any
node in the structure and fluid can be easily derived from such calculations.
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Figure 9. A sketch of a finite-element idealization of an arched dam-water system of H = 100 m,
Bl =271m, B2 =791 m, L = 520 m and water of depth h = 90 m. This model consists of 13
three-dimensional solid elements, 117 three-dimensional fluid pressure elements as well as 289
nodes. The centre of the explosion is located at the point L1 = 205 m and B3 = 249 m on the
bottom of the reservoir. The pressure explosion characteristics are illustrated in figure 10.

+ p/(kgem™?)
120
80
40
time/s
0 0.04 0.08

Figure 10. A triangle explosion pressure excitation applied at the bottom of the reservoir as
shown in figure 9.

(e) Prediction of structural-borne noise

The developed theory is also suitable to analyse acoustic-structure interaction
as well as fluid-structure interaction and the example in figure 12 shows a finite-
element idealization of a section of fuselage as previously investigated by Sengupta
et al. (1986). The properties of this fuselage section chosen by these authors are as
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Figure 11. (a) The displacement response at point A in the z-direction on the top of the
arched dam shown in figure 9; (b) the dynamical pressure at point B.

follows: its radius R = 91.44 cm, wall thickness ¢ = 0.08128 cm, thickness along the
longitudinal z-direction B = 2.54 cm, velocity of sound in air ¢ = 3.40 x 10%cm s™?,
density of gravity of air v, = 1.22513 x 1075 kg cm 3, gravity density of structure
¥s = 2.79454x107% kg cm~3, elastic modulus £ = 7.38231 x 106 kg cm~2, the Poisson
ratio v = 0.3, and excitation force F' = Fyel“t with F, = 2.2246 N.

In the mode superposition approach, the structure was idealized by 20 beam ele-
ments, the air acoustic volume modelled by 160 two-dimensional isoparametric fluid
pressure elements and 40 modes of vibration were admitted in the prediction of the
dynamic responses. The frequencies of the flexible structure and the acoustic frequen-
cies of the cavity assuming a rigid wall calculated by FSIAP92 are listed in table 2
and table 3. These are compared with the results calculated by NASTRAN and a
theoretical solution given by Sengupta et al. The frequencies associated with the cou-
pled air-structure interaction calculated by FSIAP92 are listed in table 4 which is
additional to previous results. Apart from the first mode which is a constant pressure
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Table 3. Natural frequencies (Hz) of the sound volume with rigid wall as shown in figure 12

mode number theory FSIAP92 NASTRAN

1 000.00 000.00 000.00
2 109.01 109.33 109.80
3 180.83 181.74 180.07
4 226.86 228.84 224.65
5 248.74 250.96 246.09
6 314.82 319.51 308.92
7 315.64 320.28 313.41
8 379.83 388.50 368.97
9 397.04 404.12 392.53
10 415.36 426.86 401.22

Table 4. Natural frequencies (Hz) of the coupled structural-borne noise in the fuselage section
as shown in figure 12 calculated by FSIAP92

mode no. frequency mode no. frequency mode no. frequency

1 0.0000 11 22.691 21 219.62
2 0.1327 12 27.701 22 290.83
3 0.4730 13 32.866 23 326.78
4 1.2303 14 38.063 24 359.05
5 2.4744 15 43.029 25 409.83
6 4.3636 16 47.542 26 425.40
7 6.8460 17 51.280 27 484.17
8 10.034 18 53.994 28 497.67
9 13.756 19 55.478 29 526.05
10 18.026 20 140.31 30 559.58

mode with zero frequency the first seven natural modes of the sound volume with
a rigid wall are shown in figure 13. The natural modes of the structure are shown
in figure 14 and the coupling modes are displayed in figure 15. The displacement
response, due to a sinusoidal excitation with different frequencies, at the point A on
the wall of the fuselage and the sound pressure level at points A, B and C in the
sound cavity are given in figures 16 and 17 respectively. These curves also illustrate
a comparison between the present calculation using FSIAP92 and NASTRAN used
by Sengupta et al. Good agreement is found between these predictions which have
been derived by alternative methods.

10. Conclusion

Several substructure-subdomain methods are presented to describe the dynamical
behaviour of solids, fluids and fluid—structure interactions. A displacement consis-
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Figure 12. A finite-element idealization of a two-dimensional sound volume of a typical half sec-
tion of a fuselage. The radius of this section R = 91.44 cm, the wall thickness ¢ = 0.08128 cm,
the thickness along the longitudinal z-direction B = 2.54 cm, the velocity of sound in air
¢ = 3.40 x10* cm s 7', the density of gravity of air v, = 1.22513 x 107% kg cm ™2, the gravity den-
sity of structure s = 2.79454 x 107° kg cm ™3, the elastic modulus E = 7.38231 x 10° kg em ™2,
the Poisson ratio v = 0.3, the excitation force F = Fpe'*?, Fy = 2.2246 N.

£,=250.96

NI

1,=181.74 f=319.51
p=0

p=0 =0

p=0 {22884 p=0 £,7320.28

Figure 13. Natural modes of the sound volume assuming a rigid wall as shown in figure 12.

tency model and a hybrid displacement model for solid substructure, a pressure
equilibrium model for fluid subdomain as well as a mixed substructure-subdomain
model for fluid-solid interacting systems are fully formulated. These methods are
based on a variational approach in which the chosen arguments of the functional
are the acceleration of solid and the pressure in the fluid. By this means a unified
theory is developed in a logical manner and reasoned approximations introduced into
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Figure 15. Natural modes of coupling structural-borne noise in the volume as shown in
figure 12.

the analysis improving efficiency of computation without significantly deteriorating
the accuracy of solution. The key to these achievements lies (i) in the selection of
mode vectors and the rule for mode reduction and (ii) the synthesis of the equations
modelling the dynamic interactions. The former allows the reduction in the number
of degrees of freedom adopted in the full dynamic model describing the complex
engineering system to a manageable size and hence eliminates the original necessity
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Figure 16. The variation of displacement response with excitation frequency at the point A on
the structure. The black line (—) represents the solution by NASTRAN derived by Sengupta et
al. (1986) and the points (x) denote solutions by FSIAP92.
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Figure 17. The variation of sound pressure responses with excitation frequency at the points A,
B, and C in the air sound volume. The black line (—) represents the solution by NASTRAN
given by Sengupta et al. (1986) and the points (x) denotes solutions by FSIAP92.

of using a large computer, whereas, the latter allows the transformation of the equa-
tions into matrix forms readily usable in suitably developed numerical schemes of
analysis.

The success of the described theoretical approaches is demonstrated in the analysis
of a range of fluid—structure and structural-airborne noise interacting systems. The
comparisons of prediction of responses with analytical results and methods adopt-
ing alternative numerical approaches (e.g. NASTRAN) show good agreement. The
mathematical models developed are readily adaptable for operation on PCs and
workstations using purposely written software (FSIAP92). This greatly enhances the
efficiency and effectiveness of the substructure-subdomain approaches to describe the
dynamical behaviour of complex fluid—structure interacting systems.
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